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1. INTRODUCTION 
The description of the asymptotic growth rates for the solution trajectories 
of a system of differential equations is a central problem in the qualitative 
theory of dynamical systems. These growth rates are described by the eigen- 
values of the Jacobian matrix for trajectories near a critical point, by the 
Floquet exponents for trajectories close to a periodic orbit and, generally, by 
the Lyapunov characteristic exponents in a neighborhood of an arbitrary 
trajectory. In the examples, the asymptotic behavior of the solution trajec- 
tories is given by the association of a “spectrum,” and this is a recurrent 
theme in the method of linearization. 
Sacker and Sell [IO] recently introduced a spectral theory for differential 
systems of quite general type: the (linear) skew-product flows (see Section 3). 
Their work is in the spirit of the classical linearization theory and is closely 
tied to the idea of the Lyapunov exponents. We prefer to use the word 
“spectrum” literally, identifying it with the spectrum of an operator on a 
Banach space. In general, we consider a one-parameter group 4’ of 
homeomorphisms of a compact metric space M which, for example, may be 
the solution flow of a differential equation on a smooth manifold. Second, we 
assume that a continuous vector bundle (E, M) is defined, i.e., a locally 
trivial continuous map n: E -+ M with linear fibers which are isomorphic to 
either real n-dimensional space R” or complex n-dimensional space C”. In 
case #’ is the flow of a vector field X on M, this vector bundle could be the 
tangent bundle TM. Finally, we assume that there is group of 
homeomorphisms @’ on E with n# = 4% and such that @i: E, --t E,,c,, is a 
linear isomorphism for each x E M. For instance, in case 4’ is smooth, Cp’ 
could be the tangent flow on TM given by the derivative of 4’. Using the 
compactness of M we define a Finsler on E which continuously assigns a 
norm, denoted / I, to each fiber E,. With this assignment, he space r(E) of 
continuous sections of E (functions q: M + E such that 7~ oq(x) = x) forms a 
Banach space with norm IIqll= supXEM u x 155 1 ( )I. The topology of T(E) is 
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independent of the choice of Finsler. The vector bundle flow (CD’, 4’) induces 
a strongly continuous group of bounded linear operators @f on r(E) defined 
for q E T(E), as follows: 
In these definitions one may take t E R or, in the discrete case, c E 2. When 
t E R, we also define the infinitesimal generator L of @f for q E r(E) by 
setting 
Of course, in this context the “spectrum” is either the spectrum a(@?) of @f 
or the spectrum o(L) of L. 
This point of view goes back at least to the work of Mather [7]. Although 
important results have been obtained by many other authors, we cite the 
contributions of Maiie [8,9] and Hirsch, Pugh and Shub [5] which are 
especially important for our work. These authors study the discrete vector 
bundle flow (Tf,f) defined in the tangent bundle TM by the derivative of a 
diffeomorphism f on a compact manifold. Recall that f is called Anosov if 
TM splits as an invariant continuous Whitney sum TM = Et GE- and Tf 
exponentially contracts Et for positive iterates and exponentially contracts 
E- for negative iterates. Also, define as above, for q E T(TM) 
Mather’s fundamental insight is the theorem: f is Anosov if and only iff# is 
a hyperbolic operator on T(TM), i.e., a(f”) contains no complex number 
with modulus one. When f t defines a flow, we have proved [ 1 ] the analogue 
of Mather’s theorem: f’ is Anosov if and only if f ;‘, for each t > 0, is a 
hyperbolic operator on the space of sections T(TM/[X]) where X= df’/dt. 
Also, in the flow case, we have proved [l] the theorem: f’ is Anosov if and 
only if the generator L off f is infinitesimally hyperbolic on T(TM/[X]), i.e., 
a(L) contains no complex number with real part zero. Analogues of both of 
these results are valid [2] for smooth vector bundle flows (@‘, d’), and in 
case 4’ preserves a volume, both results are valid [l] when the spectra are 
computed in T’(E), the Lebesgue space of square integrable sections. 
In the present article we extend the theory to include the definitive 
Annular Hull Theorem of Section 2, with the remaining sections devoted to 
the applications. In Section 3 we relate, in a precise way, our spectral results 
to the spectrum defined by Sacker and Sell, incidentally obtaining many of 
their results. In addition, our approach allows us to completely resolve the 
question of when the spectrum of a rank 1 vector bundle flow is “discrete” 
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(Theorem 3.9). Sections 4 and 5 treat, respectively, the problems of detecting 
vector fields with trivial centralizers and the problem of finding unintegrated 
criteria for a flow to be normally hyperbolic at an invariant submanifold. 
After this paper was written Russell Johnson sent us a preprint [ 131 in 
which he also relates the Sacker-Sell spectrum to the spectrum of the 
operator @*. His result is the same as ours in the special case he considers. 
2. THE ANNULAR HULL THEOREM 
As above, we shall assume the existence of a continuous vector bundle 
flow (@‘, 4’) acting on the continuous vector bundle (E, M) with base space 
M a compact metric space. Let L = L, denote the infinitesimal generator of 
the associated qsemigroup @p;’ acting on the Banach space of continuous 
sections r(E). Given any set A of complex numbers, define the annular huil 
of A, written &(A) to consist of the totality of circles centered at the origin 
which meet the set A. Our main result in this section is the following spectral 
theorem: 
THEOREM 2.1. (a) exp(to(L)) c o(@:) E d(exp(to(L))). 
(b) [ 1, Theorem 2.11. Suppose (@‘, 4’) is a smooth vector bundle flow. 
Then, if the nonperiodic points of q? are dense, 
exp(ta(L)) = (T(@?). 
We shall derive this result from the next proposition. 
PROPOSITION 2.2. L is infinitesimally hyperbolik if and only if @r is 
hyperbolic for some (hence, all) t # 0. 
In [2] we proved (2.2) when (@, 4’) is a smooth vector bundle flow acting 
on a smooth vector bundle. Since the primary objective of this article is to 
give applications of (2.1) and since the proof of (2.2) in the present setting is 
similar to the smooth case, we shall only provide an outline of the proof of 
(2.2). 
A sketch of the proof of (2.2): Let ZR denote the imaginary complex 
numbers, and let S’ denote the unit circle. We must show that a(L) n z1R = Q! 
if and only if o(@r) n S’ = 0. The inclusion 
exp(tu(L)) S o(@f) 
holds for any c,-semigroup (see [4], for relevant semigroup theory). Hence, 
hyperbolicity implies infinitesimal hyperbolicity. Also, for abstract cc- 
semigroups the point and residual spectra of L exponentiate to give the 
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corresponding point and residual spectra of 0:. Therefore, the result will 
follow if t~,J@r) n S’ # 0 implies a,,(L) n iR # 0, where uaP denotes the 
approximate point spectrum. 
One can easily adapt a result of Maiie (cf. [8, p. 3671) for tangent flows 
(@“= T@) to conclude that CT,,(@) n S’ # 0 if and only if there is a 
nonzero vector v E E and 
sup{l@‘v(:tER} < 03. (1) 
In effect, the proof of (2.2) reduces to showing that (1) holds only if a(L) n 
iR # 0. To accomplish this, we decompose M into the sets BP and NBP 
where BP is the set of all periodic orbits which admit a tubular 
neighborhood consisting entirely of periodic orbits with uniformly bounded 
prime period. If (1) holds, for v in the fiber E, over x E BP, it follows that 
the infinitesimal generator I of @f, acting on sections of E along the orbit eX, 
has an eigenvalue ia, a E R. Given E > 0, the corresponding “eigensection” c 
of ia can be extended off eX to a section q of unit length such that 
Therefore ia E o(L). 
On the other hand, suppose (1) holds for v # 0 in E, and x E WP. Then 
x is either nonperiodic or every neighborhood of x contains points of 
arbitrarily large prime period. Condition (1) implies that a(@?) n 5” # 0 for 
all I # 0. In particular, we may suppose that for E > 0, there exists q E r(E) 
such that 11 qJ/ = 1, lle-‘“@yg - q/I < E, and Ir(-u)l= 1. The construction 
detailed in [ 1, Theorem 2.11 now implies that ia E a,,(L), which completes 
the sketch of the proof. Q.E.D. 
Our next task is to derive (2.1) from (2.2). 
Proof of (2.2). As remarked in the proof of (2.1), the inclusion 
exp(tu(l)) z a(@?) already follows from the spectral theory for c,,- 
semigroups. To establish the second inclusion, we consider the case C = 1, 
and suppose that e*’ & A, where A denotes the annular hull of exp(a(l)). It 
follows that en+ir&A for all r E R. By definition of A, [L - (2, + jr)]-’ 
exists for all r E R. Define a new semigroup v = e-%.Pr with generator 
K = L - A. Then R is infinitesimally hyperbolic and, hence, from (2.1) it 
follows that !P is hyperbolic, i.e., (W - FI+~~)-’ exists for all r E R. Q.E.D. 
EXAMPLE 2.3. To show that it is really necessary to invoke the annular 
hull, consider the following example: Let E = S’ X R denote the trivial 
bundle over S’. Then, T(E) consists of the continuous maps from S’ to R. 
Define the vector bundle flow (@“, $‘) = (Id, r,) where T,(B) = 6’ + t and Id 
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denotes the identity map of R. Using Fourier series, it is not hard to show 
that o(L) = {in: n E Z}, whereas CJ(@:) = S’ for t # 0. 
Remark. As an immediate consequence of the Annular Hull Theorem 
and the example we can conclude that even though the spectrum of L does 
not exponentiate to equal the spectrum of @ #, the infinitesimal hyperbolicity 
of L does exponentiate to give the hyperbolicity of (@‘, $‘). Thus, a vector 
bundle flow (@, 4’) in a vector bundle over a compact metric space is hyper- 
bolic (admits an invariant splitting with exponential growth and decay) if 
and only if the infinitesimal generator L is infinitesimally hyperbolic. 
3. THE SPECTRUM OF A LINEAR SKEW-PRODUCT FLOW 
In [lo] Sacker and Sell introduced a “spectrum” for linear skew-product 
flows. Let (CD’, 4’) denote, as before, a vector bundle flow on (E, M) where 
t E R or Z and where M is a compact metric space. For y E R define the 
vector bundle flow zJ = (e-‘%D’, 4’) and, for notational convenience, set 
@i = e-%ij’. For Nc M, Ir, admits an exponential dichotomy over N if 
there is a continuous projector P: E IN --f E IN and positive constants K and UI 
such that 
and 
1 @:(I - P(y)) @,;‘I < Ke-a(‘-‘), t<s 
for all y E N. 
For y E M, define the resolvent p(y) [ 10, p. 3273 by 
p( JJ) = { 3, E R : 7~~ admits an exponential dichotomy over y }. 
The spectrum E(J)) is defined by 
WJ> = R -P(Y). 
For a subset N G M the spectrum E(N) is defined by 
and the resolvent p(M) is defined by 
In case N is a compact invariant set in M one has 
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LEMMA 3.1 [IO, p. 3271. dEp(N) if and only if n* admits an 
exponentiaI dichotomy over N. 
We consider the vector bundle (E I,,, N) and define @# and L in the space 
r(E IN). Using these operators we can identify the spectrum Z(N). 
THEOREM 3.2. (a) In the jlow case, 1 E Z(N) if and only if 1+ ia E 
o(L) for some a E R. 
(b) 1 E Z(N) ifand only ifeltio E a(@# some a E R. 
(c) Assume that (@, 4’) is a smooth vector bundlej7ow and that the 
nonperiodic points of 4’ are dense. Then, L E Z(N) if and on& if ezlfia E 
o(@#) for all a E R. 
ProoJ: In view of the Annular Hull Theorem, (a) follows from (b). To 
show (b) note that 1 E p(N) if and only if z-1 admits an exponential 
dichotomy over N. But, this is true if and only if the vector bundle flow z1 is 
hyperbolic on E IN, i.e., eirr E p(e-%#) for all a E R. But, 7~,~ is hyperbolic if 
and only if @# - es’+‘” is invertible for all a E R. Part (c) follows from 
Theorem 2.1 (b). Q.E.D. 
Since C is a true spectrum, up to imaginary translation, we obtain from 
Theorem 3.2 
COROLLARY 3.3. (a) [lo, Lemma 61 Z(N) is compact. 
(b) [IO, Lemma 71 Z(N) is nonempty. 
Also, recall the spectral Decomposition Theorem [ 10, Theorem 21. 
THEOREM 3.4. Assume dim E = n and N is an invariant@ connected 
compact’ invariant set for (@‘, fit). Then, Z(M) = [a,, b,] U -.a U [a,, bk], 
the union is disjoint and E splits as a continuous Whitney sum 
with the spectrum Zi(N) of the restriction of (@‘, 4’) to (Vi, N) given by 
Et(N) = [q, bi]. 
For the case in which M is a manifold the last result follows from the 
Annular Hull Theorem and the Spectral Decomposition Theorem of Hirsch, 
Pugh, and Shub [5, Proposition 2.21. The latter theorem extends readily to 
cover the compact metric space case. 
The main motivation for studying Z(N) comes from the theory of almost 
periodic differential equations. Let XZ’ denote the set of all continuous 
(n x n)-matrix-valued functions A(s) which are almost periodic in s E R and 
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give &’ the topology generated by the sup norm ]]A (jifi. Also, define the tran- 
slation operator 4’ on M’ by 
#A(s) =A(t + s). 
Then, the hull of A, H(A), is the closure of the 4’ orbit of A. Let F denote 
either R" or C” and define for each t E R the linear operator Qp’ on F such 
that @‘.u, for x E F, is the solution vector at time t of the initial value 
problem 
x’ = A (s) x, x(0) = x. 
Clearly, (@‘, 4’) defines a vector bundle flow (linear skew-product flow) on 
H(A) X F. 
The central problem in the study of almost periodic systems, from this 
point of view, is to determine when the spectrum Z(H(A)) is discrete, i.e., 
consists of a finite number of points. Two facts are known: (a) if fiber 
dim F = 1, then C(H(A)) is discrete [IO, Theorem 7] and (b) If dim F > 2, 
then, in general, X(H(A)) is not discrete. The first statement has been 
generalized [10, p. 353 ] to arbitrary vector bundle flows when dim F = 1 and 
M is a compact minimal set with unique invariant measure (= uniquely 
ergodic). 
We now show that when dim F = 1 and M is a compact Hausdorff space, 
it is possible to compute the spectral radius in terms of the invariant 
measures. To this end, let M denote a compact Hausdorff space and let 
C(M) denote the Banach space of continuous complex-valued functions on 
M. If h E C(M) and Q is a continuous transformation of M, define the 
operator T on C(M) by 
Tf = hUf = h(fo $). 
Also, recall that the spectral radius r(T) of T is given by 
0-l = SUP I cm. 
Let .5Y0 denote the set of #-invariant Bore1 measures on M. 
THEOREM 3.5. r(T)=sup{expJ’,loglhI~~:~~E~}. 
We thank our colleague Jim Roberts [ 121 for the method, developed 
below, for constructing invariant measures. See also [14, pp. 486-5201. 
Proof: We have the identities 
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Also, the spectral radius formula 
implies 
log(r(g) = ;m, $ log ‘ff u’s 
II II 
- 
k=O 50 
Choose a sequence {x~} c M such that 
and define 6: C(M) --) I” by 
We now construct a &invariant Bore1 measure ,U such that 
r(T)=exp log[hlu’p. 
I M 
Let c denote the space of convergent sequences and let lim: c + R be the 
functional which assigns to each sequence its limit. Evidently, 1) lim (1 = 1 and, 
by the Hahn-Banach theorem, there is a linear functional /i on Z”O which 
extends lim, such that II/1 I( = 1. Now, define 111: C(M) -+ R by 
One verifies easily that ,u is a positive linear functional with ~(1) = 1 and 
I/PI/ = 1. Also, it follows that ,U is #-invariant and since j(~() = 1 that 
p(M) = 1 when we regard ,U as a Bore1 measure. Since 
exp 
s 
log ) h I dp = exp(,u(log I h I>> = r(T), 
M 
we have 
r(T’),<sup exp[ logIhldp:pE.diYb . 
I “44 I 
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Moreover, if ,u E B, and n E Z+ we have 
Hence, 
Q.ED. 
CORCILLARY 3.6. o(T) is contained in the annulus in the complex plane 
with radii rit i = 1, 2, where 
exp 1 log\hldp:puEB, 
J&f I 
and 
l/r,=sup [exp [ -logih!&:pEB,(. 
- If 
Proof. As T- ’ = (l/U- ‘h) U- ‘, it follows that 
r(T- ‘) = l/r,. 
But, if il E a(T), then d lies in the annulus with radii s(T) and I/r(T-‘). 
Q.E.D. 
If (@, $‘) is a vector bundle flow on (A4 x F: A4) where F = R or G, it 
follows immediately that cP# acting on T(M x F) may be identified with the 
operator T= hU acting on C(M) for some function h E C(M). 
COROLLARY 3.7. If 4 has a unique invariant Bore1 measure on M and 
M is a compact Hausdorff space, then a(@“) is a circle in the complex plane 
and, hence, C(M) is discrete. 
Proof: It follows from [7] that (T(W) is rotationally invariant. But, since 
there is a unique invariant measure, Corollary 3.6 implies that r, = rz, i.e., 
a(T) is contained in a circle in the complex plane. QED. 
164 CHICONE AND SWANSON 
Remark. If A(s) E ,pP, and #A(s) = A(s + l), then $ has a unique 
invariant measure on H(A). Hence, for almost periodic differential equations 
if dim F = 1 the flow on H(A) x F has discrete spectrum. 
We now want to show that the general (rank I) vector bundle case reduces 
to the preceding trivial line bundle case by a canonical procedure. Let (@, 4) 
be a vector bundle automorphism on the continuous bundle (E, M) whose 
fibers are either copies of C or R. (In the complex case @J must correspond 
to multiplication by a complex scalar; otherwise, @ is not C-linear.) 
Choose a continuous Finsler (1 1) on E. We shall define an associated 
vector bundle map (Y, 4) on the trivial bundle M X K with K either C or R, 
depending on the fiber choice for E. Let Q,: E, -‘Em(x) be the associated 
fiber transformation, with operator norm 11 QXIJ. Define Y by setting 
Iu(rc, r) = Q(X), (1 QXJI r). With this choice !lJ#= hU,, where h(x) = 11 QXJJ for 
all x in M. It is easy to prove the following: 
PROPOSITION 3.8. The maps W and !P have the same norm and 
spectral radius. 
It is clear that Proposition 3.8 yields a canonical procedure for calculation 
the annular hull of o(V). Namely, associate the operator p with @” as 
above and A# with (Q-l)” in accord with the above procedure. Then p = 
hU,, A#=gU,, where h(x)=I(@,(( and g(X)=I(~;lJI=ll~m-,xll-‘, since 
the transformations QX are l-dimensional. But this implies A = Y-‘. 
Combining these remarks with Corollary 3.6 we obtain the fact that a(@#) 
and a(p) have the same annular hull. We rephrase these observations as the 
final theorem of this section. 
THEOREM 3.9. Let (@, 4) be a vector bundle automorphism on a 
continuous rank 1 bundle (E, M), with associated operator @# on the Banach 
section space r(E). Let ri, i = 1,2 be as in Corollary 3.6 with h(x) = (I Ip,IJ 
for all x E M. Then the following hold: 
(1) The annular hull of CT(@) is the annulus with radii rl and r2. 
(2) The spectrum Z(M) is discrete if and only if the integral 
has the same value for ail invariant measures ,u. 
4. CENTRALIZERS OF ANOSOV FLOWS 
As in [6] we define the centralizer, g(x), of a vector field X by 
@y-q= {Y( [X, Y]=O}, 
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where [ , ] denotes the Lie bracket; G?(X) is called trivial if every YE g(X) 
is a function multiple of X. 
THEOREM 4.1 [6, 111. If X is Anoscw, then g(X) is trivial. 
Using the Annular Hull Theorem we can prove a much stronger version of 
Theorem 4.1. To state our theorem we let 4’ be the flow of X on the compact 
manifold M and let @’ = T#’ denote the induced tangent flow on the tangent 
bundle TM. The tangent bundle flow (@‘, 4’) induces a vector bundle flow on 
the quotient E = TM/[X]. Moreover, the induced group @F on T(E) has the 
infinitesimal generator L which is induced by the Lie (derivative operator L,. 
As a consequence of Proposition 2.2 we have 
THEOREM 4.2. X is Anosov if and only ifL is inj%zitesimally hyperbolic. 
In particular, if [X, Y] =fl where f: M -+ R, then Y I= gX for g: M -+ R. 
ProoJ The characterization is proved in [ 11. Note that if L, Y =fx, then 
the section [Y] E T(E) induced by Y is in the kernel of L. But, this implies 
[Y] = 0, i.e., Y = gX for some function g. QED. 
Remark 1. Our proof holds for any Y which induces a section [Y] in the 
domain of L; hence, we do not need to assume that YE C’. Also, one does 
not need the full power of the Annular Hull Theorem to deduce from 
[X. Y] =$X that Y = gX. We only need the fact that L is injective on r(E). 
At present, we do not know how to characterize the flows $’ such that the 
induced L is injective. But, for example, if 4’ is quasi-Anosov, i.e., @’ has no 
bounded orbits, then L is injective (cf. [S]) and X has a trivial centralizer. 
Remark 2. It is interesting to note that if Y is a reparametrization of an 
Anosov vector field X, then Y is also Anosov. This standard result is an easy 
consequence of our theorem. In fact, if X is Anosov, L, has a bounded 
inverse J on T(E). Clearly, JMf is the bounded inverse of Lx where iv,. is the 
operator defined by 
M,[Y]= fY . [ 1 
5. NORMALLY HYPERBOLIC FLOWS 
In this section we shall make extensive use of the formulation of normal 
hyperbolicity given by Hirsch, Pugh and Shub 151. We refer the reader to 
that reference for a thorough treatment. 
Let 4’ be a smooth flow on a compact manifold ill and set X= dqV/dt. If 
P G M is a smooth #‘-invariant submanifold, i.e., #P = P for all t E R, a 
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strong version of the normal hyperbolicity of the flow at P called 
“immediate, absolute l-normal hyperbolicity at P” asserts the following 
[5, p. 31: the tangent bundle over P, T,M, decomposes into a continuous 
T#‘-invariant vector bundle splitting 
T,M= TP@N”P@N”P, 
such that for all t # 0, k = 0, 1, and p E P 
(a) i$ (I Td-‘I ~PII-’ > S"pp II T$' I T,Pllk 
and 
(b) s;p (] T# ( NiPI1 < i;f II T&’ I T,PII-“. 
For convenience we shall say that {f} is normal& hyperbolic at P if (a) and 
(b) hold for at least one (and, thus, all) t # 0. 
Then, consider the Banach section spaces T(T,M), rr = T(TP), and the 
quotient Banach space r, = T(T,M)/T(TP). Let @“= (T$‘)#, and let [$“I 
denote the induced map on r,. 
PROPOSITION 5.1 [5]. Theflow 4’ is normally hyperbolic at P ifand only 
if the spectrum a(#“, r,) lies in an annulus centered at zero and disjoint from 
the set a( [##I, r,). 
We shall prove the infinitesimal version of Proposition 5.1. 
THEOREM 5.2. The jlow $’ is normally hyperbolic at P if and only if 
@Lx, r,) lies in a vertical strip disjoint from the spectrum o(L,, rz). 
ProoJ We claim r, is isomorphic, as a Banach space, to T(T,M/TP). 
To see this, notice that with the obvious maps the exactness of the vector 
bundle sequence 
O-+ TP-+ T,M+ T,M/TP+O 
implies that the sequence 
0 -+ T(TP) + T(T,M) --, I-(T,M/TP) -+ 0 
is exact. Hence, there is a canonical isomorphism 
F: c(T,M)/l-(TP) + T(T,M/TP). 
As 
u([py, r,) = u(F[#*] F-l, r(TpWTP))y 
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the Annular Hull Theorem implies that @Lx, r,) lies in a vertical strip 
disjoint from the spectrum o(L, r(T,M/TP)), where L generates F[#r] F-r, 
if and only if a(##, r,) 1 ies in an annulus centered at zero and disjoint from 
the spectrum of o([$“], r,). To obtain this we needed the fact that TP and 
T,M/TP are vector bundles over P. Now, the result follows from 
Proposition 5.1 because the existence of the isomorphism F implies that 
u([L,], rz) = @L, ~(T&‘Tf’). QED. 
Remark 1. The infinitesimal version of Proposition 5.1 shows that the 
normal hyperbolicity of 4’ at P can be ascertained from an unintegrated 
condition on the vector field X since one does not need to know the flow in 
order to compute the spectrum of L,. For examples of this see [Z] in case P 
is a periodic orbit and [l] when P = M and 4’ is the geodesic flow. 
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